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Abstract. We draw attention on the fact that the Riccati-Padé method developed some time ago enables
the accurate calculation of bound-state eigenvalues as well as of resonances embedded either in the
continuum or in the discrete spectrum. We apply the approach to several one-dimensional models that
exhibit different kind of spectra. In particular we test a WKB formula for the imaginary part of the
resonance in the discrete spectrum of a three-well potential.
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1. Introduction
In a recent paper Gaudreau et al[1] proposed a method for the calculation of the eigenvalues of the Schrödinger
equation for one-dimensional anharmonic oscillators. In their analysis of some of the many approaches proposed earlier
with that purpose they resorted to expressions of the form: “However, the existing numerical methods are mostly case
specific and lack uniformity when faced with a general problem.” “As can be seen by the numerous approaches which
have been developed to solve this problem, there is a beautiful diversity yet lack of uniformity in its resolution. While
several of these methods yield excellent results for specific cases, it would be favorable to have one general method
that could handle any anharmonic potential while being capable of computing efficiently approximations of eigenvalues
to a high pre-determined accuracy.” “Various methods have been used to calculate the energy eigenvalues of quantum
anharmonic oscillators given a specific set of parameters. While several of these methods yield excellent results for
specific cases, there is a beautiful diversity yet lack of uniformity in the resolution of this problem.” The authors put
forward an approach that they termed double exponential Sinc collocation method (DESCM) and reported results of
remarkable accuracy for a wide variety of problems. In fact they stated that “In the present work, we use this method
to compute energy eigenvalues of anharmonic oscillators to unprecedented accuracy” which may perhaps be true for
some of the models chosen but not for other similar examples. For example, in an unpublished article Trott[2]
obtained the ground-state energy of the anharmonic oscillator with potential V (x) = x4 with more than 1000 accurate
digits. His approach is based on the straightforward expansion of the wavefunction in a Taylor series about the origin.
One of the methods mentioned by Gaudreau et al[1] is the Riccati-Padé method (RPM) based on a rational
approximation to the logarithmic derivative of the wavefunction that satisfies a well known Riccati equation[3, 4]. In
their brief analysis of the RPM the authors did not mention that this approach not only yields the bound-state
eigenvalues but also the resonances embedded in the continuum[5]. What is more, the same RPM quantization
condition, given by a Hankel determinant, produces the bound-state eigenvalues, the resonances embedded in the
continuum as well as some kind of strange resonances located in the discrete spectrum of some multiple-well
oscillators[6]. It is not clear from the content of[1] whether the DESCM is also suitable for the calculation of such
complex eigenvalues.
The accuracy of the calculated eigenvalues not only depends on the chosen method but also on the available
computation facilities and on the art of programming. For this reason the comparison of the accuracy of the results
reported in a number of papers spread in time should be carried out with care.
The purpose of this paper is two-fold. First, we show that the RPM can in fact yield extremely accurate
eigenvalues because it exhibits exponential convergence. To that end it is only necessary to program the quantization
condition in an efficient way in a convenient platform. Second, we stress the fact that the RPM yields both real and
complex eigenvalues with similar accuracy through the same quantization condition. More precisely: it is not
necessary to modify the algorithm in order to obtain such apparently dissimilar types of eigenvalues that are
associated to different boundary conditions of the eigensolution.
In section 2 we outline the RPM for even-parity potentials. In section 3 we apply this approach to some of the
examples discussed by Gaudreau et al[1] and obtain eigenvalues with remarkable accuracy. In this section we also
calculate several resonances supported by anharmonic oscillators that were not taken into account by those authors.
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We consider examples of resonances embedded in the continuous as well as in the discrete spectrum. Finally, in
section 4 we summarize the main results and draw conclusions.
2. The Riccati-Padé method
The dimensionless Schrödinger equation for a one-dimensional model reads
ψ′′(x) + [E − V (x)]ψ(x) = 0, (1)
where E is the eigenvalue and ψ(x) is the eigenfunction that satisfies some given boundary conditions. For example,
lim
|x|→∞
ψ(x) = 0 determines the discrete spectrum and the resonances are associated to outgoing waves in each channel
(for example, ψ(x) ∼ Aeikx). In this paper we restrict ourselves to anharmonic oscillators with even-parity potentials
V (−x) = V (x) to facilitate the comparison with the results reported by Gaudreau et al[1] but it should be taken into
account that the approach applies also to no non-symmetric potentials[7].






that satisfies the Riccati equation
f ′(x) + 2sf(x)
x
− f(x)2 + V (x)− E = 0, (3)
where s = 0 or s = 1 for even or odd states, respectively. If V (x) is a polynomial function of x or it can be expanded





On arguing as in earlier papers we conclude that we can obtain approximate eigenvalues to the Schrödinger
equation from the roots of the Hankel determinant
HdD(E) =
∣∣∣∣∣∣∣∣∣
fd+1 fd+2 · · · fd+D
fd+2 fd+3 · · · fd+D+1
...
... . . .
...
fd+D fd+D+1 · · · fd+D−1
∣∣∣∣∣∣∣∣∣ = 0, (5)
where D = 2, 3, . . . is the dimension of the determinant and d is the difference between the degrees of the polynomials
in the numerator and denominator of the rational approximation to f(x)[3–6]. In those earlier papers we have shown
that there are sequences of roots E[D,d], D = 2, 3, . . . of the determinant HdD(E) that converge towards the bound
states and resonances of the quantum-mechanical problem. We have at our disposal a set of sequences for each value
of d but it is commonly sufficient to choose d = 0. For this reason, in this paper we restrict ourselves to the sequences
of roots E[D] = E[D,0] (unless stated otherwise).






The spectrum is discrete when vK > 0 and continuous when vK < 0. In the latter case there may be resonances
embedded in the continuous spectrum which are complex eigenvalues. The real part of any such eigenvalue is the
resonance position and the imaginary part is half its width Γ (|=E| = Γ/2).
3. Examples
Four examples chosen by Gaudreau et al[1] are quasi-exactly solvable problems; that is to say, one can obtain exact
solutions for some states:
V1(x) = x2 − 4x4 + x6 E0 = −2




2 − 438 x




2 − 598 x
4 + x6 − x8 + x10 E1 = 98 . (7)
392
vol. 57 no. 6/2017 One-dimensional anharmonic oscillators
The RPM yields the exact result for all these particular cases because in all of them the logarithmic derivative f (x) is













− 1887235473408E9 − 399347250364416E8 − 1634745666502656E7
+ 10770225531715584E6 − 836065166572191744E5 − 905684630058491904E4
+ 5197219286067104256E3 − 2944302537136698432E2





− 5569096187904E9 − 2064531673055232E8 − 15362232560910336E7
+ 158709729905344512E6 − 23752960275863896064E5 − 84068173973645402112E4
+ 2318080070178601634304E3 − 6274577633554290840768E2
− 75410626140297229262472E + 655367638076442656931879), (11)
respectively. It is clear that the second factor of each Hankel determinant yields the exact eigenvalue of the
corresponding model in equation (7).
As a nontrivial example we consider the quartic anharmonic oscillator
V (x) = x2 + λx4. (12)
Gaudreau et al [1] calculated the ground state for λ = 1 with remarkable accuracy. The RPM also enables great

















which is considerably more accurate than the result reported by those authors. Such an accuracy is unnecessary but it
clearly shows the stability and remarkable rate of convergence of the RPM.
For some approaches the pure quartic oscillator
V (x) = x4 (13)
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from determinants of dimension D ≤ 806. We think that present result is more accurate than the one reported by
Trott[2], the discrepancy being in his last 9 figures. In the case of the quartic anharmonic oscillators (6) and (12) it
was proved that E[D,0]0 and E
[D,1]
0 are lower and upper bounds to the actual eigenvalue, respectively[3, 4]. In order to
verify the accuracy of present calculation we verified that both bounds agreed to the last digit.
As stated in the introduction, the RPM yields not only the bound states but also the resonances. For example, in
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Figure 1. Present calculation of |=E|g2 exp[1/(2g2)] for the oscillator (14) (solid line) and the results of Benassi et al[8]
(filled circles), Killingbeck[9] (crosses) and Fernández[6] (empty circles).



















Figure 2. log|=Eres| (circles) and log|<Eres − Ebs| (solid line) vs. g for the oscillator (14) with k = 1.
with determinants of dimension D ≤ 429. As far as we know this resonance was not calculated with such an accuracy
before.
A most interesting example is given by
V (x) = x2(1− g2kx2k)2, k = 1, 2, . . . (14)
It is a three-well potential with minima V (xm) = 0 at xm = −1/g, 0, 1/g. Since V (x) behaves asymptotically as
g4kx4k+2 when |x| → ∞ then one expects only bound states with positive eigenvalues when g is real. However,
Benassi et al[8] proved that this family of potentials supports complex eigenvalues with all the properties of actual
resonances. They calculated the lowest resonance for k = 1 and several values of g and compared the imaginary part
with the WKB transmission coefficient through the barrier |=EWKB| ∼ Ag−2e−1/(2g2). Later Killingbeck[9] and
Fernández[6] calculated this resonance more accurately and for smaller values of g and showed that |=E|g2e1/(2g2)
does not exhibit a uniform behaviour as suggested by the earlier calculation of Benassi et al[8]. In particular,
Killingbeck[9] suggested that |=E|g2e1/(2g2) exhibits a maximum. In this paper we calculated =E even more
accurately and for smaller values of g and present results, shown in Figure 1, suggest that the conjecture that “the
imaginary part of the resonance behaves as the WKB transmission coefficient through the barrier” may not be correct.
The results of Benassi et al[8] for a shorter interval of g (also shown in the figure) give the impression that |=E| has
already reached the asymptotic behaviour Ag−2e−1/(2g2) which is not the case. The figure also shows the earlier
results of Killingbeck[9] and Fernández[6]. A straightforward least-squares fitting of present results suggests that the
correct behaviour is |=E| ∼ Ag−3/2e−1/(2g2).
The lowest bound state Ebs and the real part of the lowest resonance <Eres approach each other as g → 0 in such
a way that |Ebs −<Eres| is of the order of |=Eres|. This fact is clearly shown in Figure 2.
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The RPM enables us to calculate the bound states and resonances quite accurately. In what follows we show some
of them for the potential (14) with k = 1 and g = 0.2.













































There are also resonances among the odd solutions that, as far as we know, have not been reported so far. For
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Figure 3. Slope b(g) for the lowest even bound state (dashed line) and resonance (solid line) of the oscillator (14).






























The rate of convergence of the RPM for the bound states and the resonances may be different. One way of monitoring
the rate of convergence is to calculate log|E[D] − E[D−1]| which is a straight line when the rate of convergence is
exponential. In the present case we fit y(D) = a + bD to log|E[D] − E[D−1]| and obtain b(g) for several values of g.
The results for the lowest even bound state and resonance are shown in Figure 3. That figure clearly shows that the
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rate of convergence for the resonance is almost constant whereas it decreases with g for the bound state. As a result it
is possible to obtain the resonance for small values of g, say g < 1, more accurately by means of determinants of
similar and even lesser dimension. However, this advantage is counterbalanced by the fact that the mathematical
operations require more CPU time when complex numbers are involved.
In order to carry out the necessary arithmetic of complex numbers with arbitrarily high precision we resorted to







for a fast calculation of the Hankel determinants.
4. Conclusions
Throughout this paper we tried to stress two points. The first one is that the RPM can yield eigenvalues of
remarkably accuracy if the algorithm is programmed judiciously. To this end we have calculated the lowest eigenvalues
of the oscillators (12) (with λ = 1) and (13) with greater accuracy than those reported by Gaudreau et al[1] and
Trott[2], respectively.
The second point is that only one RPM quantization condition applies to bound states and resonances. To
illustrate it we calculated the resonances for two models with great accuracy. One of them is an ordinary resonance
embedded in the continuum and other one is some kind of strange resonance appearing in the point spectrum close to
the ground state. Present results for the lowest resonance in the discrete spectrum of the three-well potential (14) give
support to the conjecture that the analytical WKB formula for the resonance width derived several years ago[8] may
not be correct. Present results improve considerably upon those reported earlier by Killingbeck[9] and Fernández[2]. It
is not clear to us whether the DESCM[1] or the power series approach[2] may also be applied to resonances without
considerable modification of the calculation algorithms.
It is not our purpose to criticise the DESCM which is clearly a powerful algorithm as already proved by the
remarkable calculations carried out by Gaudreau et al[1] on a wide variety of one-dimensional models. We just wanted
to draw attention to some advantages of the RPM that have been overlooked in the discussion of the method carried
out by those authors.
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